
B Appendix: Crossover Behavior

For nonzero R and times other than zero and in�nity, the fold distribution will not

be strictly exponential, nor will it conform to the limiting distribution (8). For small

times, we would intuitively expect the histogram to be dominated by duplication events

involving the initial N0 genes. This is con�rmed by the behavior of the analytic solution

for small t:
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From this approximation, it is clear that the terms involving N0 dominate for small

times. Consequently, the fold distribution will resemble an exponential distribution

more than the limiting distribution early on in the evolution of the genome. It is also

clear that the histogram F (m; t) will not approach the limiting distribution uniformly;

the rate of convergence will depend on cluster size.

There are many possible ways of characterizing this transformation of the fold dis-

tribution, each suggesting a di�erent notion of a \`crossover" time. We have looked at

the convergence of the probability distribution as a whole. To quantify the extent to

to which the actual distribution p(m) resembles a second distribution, say pA(m), we

adopt the sum of the squared di�erences as our metric:
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Figure 7 tracks the evolution of p(m) according to this metric when R = 1:0 and

N0 = 100. At each time, the closeness of p(m) to the limiting distribution (8) is

shown, as is the closeness to the best �tting exponential distribution for that time,

obtained by a least-squares regression of logp against m. For times greater than t � 70,

the distribution of fold sizes resembles the �nal distribution more than any exponential

distribution, this de�nes the crossover time for this set of parameters. The sum extends

to cluster sizes large enough to ensure numerical convergence.

Figure 8 plots the crossover time as a function of R for two values of N0. The

range of R is chosen so that new fold acquisitions occur less frequently than (or as

often as) gene duplication. The crossover time displays two distinct regimes. Within

each regime it is approximately inversely proportional to R and directly proportional

N0. A di�erent proportionality constant applies in each regime: Tc � N0=R. These

numerical results con�rm that crossover occurs roughly when the number of new fold

introductions: RTc becomes comparable to the initial genome size N0. The details of

the dependence are not that important, as they are no doubt strongly a�ected by the

choice of metric.
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Figure 7: Crossover from exponential to large-time limiting distribution for R = 1:0 and

N0 = 100.
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Figure 8: Crossover time for N0 = 100 and N0 = 50, plotted as a function of (a) R, and

(b) 1=R.
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